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Abstract
Given an abstract polytope P, its flag graph is the edge-coloured graph whose
vertices are the flags of P and the i-edges correspond to i-adjacent flags. Flag graphs
of polytopes are maniplexes. On the other hand, given a maniplexM, on can define
a poset PM by means of the non empty intersection of its faces. In this paper we
give necessary and sufficient conditions (in terms of graphs) on a maniplex M in
order for PM to be an abstract polytope. Moreover, in such case, we show that M
is isomorphic to the flag graph of PM. This in turn gives necessary and sufficient
conditions for a maniplex to be (isomorphic to) the flag graph of a polytope.
Keywords: Abstract polytopes, maniplexes, polytopal maps, edge coloured graphs.
1 Introduction
The beauty and symmetry of the Platonic Solids have been studied for centuries. These
solids have been generalized, for example, to higher dimensions as convex polytopes ([10]),
and to polyhedra surfaces different than the sphere as maps (see for example [2]). Abstract
polytopes generalize convex polytopes (or more precisely, their face lattice) to more general
combinatorial objects and are defined as posets with certain conditions.
Maniplexes were first introduced by Steve Wilson in [12] to somehow unify the study
of maps and abstract polytopes. They generalize maps on surfaces to higher dimensions
and, at the same time, they generalize (the flag graphs of) abstract polytopes. Of course,
the Platonic Solids can be thought as maniplexes.
The task of determining if a maniplex is the flag graph of a polytope or not, can
arise when dealing with operations on polytopes, such as the Petrie operation ([5]), the
∗isahubard@im.unam.mx
1
ar
X
iv
:1
60
4.
01
16
4v
1 
 [m
ath
.C
O]
  5
 A
pr
 20
16
mix or parallel product ([8]) or the Twist operation ([4]). The problem is also often
encounter when dealing with covers and quotients of polytopes ([?, ?, 9]), in particular in
determining the polytopality of the so-called minimal regular cover of a polytope ([8, 7]).
Maniplexes can be defined in several ways. In this paper, they are regarded as edge-
coloured graphs with certain properties. Given a maniplex, one can define, in a natural
way, a poset associated to it. Such poset, in general, need not be a polytope. The aim
of the paper is to give necessary and sufficient conditions on an edge-coloured graph to
be the flag graph of an abstract polytope. In fact, our results are slightly stronger as
we give necessary and sufficient conditions on a maniplex in order for the induced poset
to be a polytope. We give two such conditions, that we call the connected intersection
property and the path intersection property, respectively. As their names indicate, the
first condition deals with certain connected components of the graph, while the second
one deals with certain paths of it.
The paper is organized as follows. In Section 2 we give the basic notions of abstract
polytopes, maps, edge-coloured graphs and maniplexes, and set the notation used through-
out the paper. Section 3 deals with defining a poset induced by a given maniplex, as well
as with the possible complications for a maniplex to be the graph flag of a polytope; some
examples are given. In Section 4 we revisit a defining property of abstract polytopes to
obtain the connected intersection property and show that such condition charaterizes not
only flag graphs of polytopes, but also maniplexes whose induced order is a polytope. In
Section 5 we re-write the connected intersection property in terms of the paths of the
graph to obtain the path intersection property. We finish the paper with a short section
on the mix (or parallel product) of maniplexes.
Throughout the paper it shall prove convenient to denote the set {0, 1, . . . , n − 1}
simply by [n], and if A ⊂ [n], then we use A to denote the set [n] \ A.
2 Basic notions
In this section we introduce the reader to the basic notions of abstract polytopes, maps,
edge-coloured graphs and maniplexes.
2.1 Abstract polytopes
Convex polytopes generalize the notion of polyhedra for higher dimensions. Abstract
polytopes are combinatorial objects whose incidence structure resemble the incidence
structure of convex polytopes. In fact, each convex polytope can be regarded as an
abstract polytope. We give the basics about abstract polytopes and refer the reader to
[6] for more details of their study.
An (abstract) n-polytope (or a polytope of rank n) is a ranked partially ordered set,
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(P ,≤) whose elements are called faces. P must have a unique maximal face which has
rank n and a unique minimal face which has rank −1, all the other faces are distributed
in the remaining n levels that go from 0 to n − 1. Moreover, we ask that all maximal
chains in the partial order have exactly one element of each rank.
Note that this ranking of the faces rescues the concept of dimension; the faces of ranks
0, 1 and n − 1 are called vertices, edges and facets, respectively. A face of rank i is said
to be an i-face of P .
The maximal chains in the partial order (P ,≤) are called flags. The set of flags of a
polytope will be denoted by F(P), and if Φ ∈ F(P), then (Φ)i shall denote the i-face of
Φ. Two flags that differ in a unique face are said to be adjacent flags.
We also require that P be strong flag connected, that is, given any two flags Φ and
Ψ, there is a sequence of adjacent flags Φ = Φ0,Φ1, ...,Φk = Ψ such that Φ ∩ Ψ ⊂ Φi,
for every 0 ≤ i ≤ k. Intuitively this means that given two flags in the polytope, one can
“walk” from one to the other by making changes only in the faces that are not common
to both flags.
Finally, for P to be an (abstract) polytope we require it to satisfy the diamond con-
dition, namely, if i ∈ [n] and E,F ∈ P are faces of rank i− 1 and i+ 1, respectively, with
E < F , then there exist exactly two faces of P of rank i that are greater than E and
smaller than F .
Given i ∈ [n] and a flag Φ, we can deduce from the diamond condition that there is a
unique flag that differs from Φ only at the face of rank i. We denote such flag by Φi and
say that the flags Φ and Φi are i-adjacent. For the sake of simplicity, we abbreviate (Φi)j
by Φi,j. From the diamond condition it is easy to see that given Φ ∈ F(P), we have that
Φi,i = Φ, for every i ∈ [n]. Also observe that if i, j ∈ [n], with |i− j| > 1, then Φi,j = Φj,i.
It is certainly not true, in general, that the equality Φi,i+1 = Φi+1,i holds.
Given faces F,G ∈ P , with F ≤ G, the interval {H ∈ P | F ≤ H ≤ G} is called a
section of P and will be denoted by G/F . Then G/F it is a polytope on its own right.
Every polytope has several interesting graphs associated to it. In this paper, a lot of
attention will be given to the flag graph of a polytope, that we define as follows. Given
a n-polytope P , its flag graph GP is the graph whose vertex set is the set of flags F(P)
and whose edges are coloured with colours indexed in [n], in such a way that between two
vertices there is an edge of colour i if and only if the two associated flags are i-adjacent.
We can deduce some properties of GP from the properties of P . For example, the
flag connectivity implies that the graph GP is connected. In fact, given two flags Φ,Ψ ∈
F(P), if {i1, i2, . . . , ik} is the subset of [n] for which (Φ)ij = (Ψ)ij , then, the strong flag
connectivity of P implies that, in GP , there is a walk from Φ to Ψ with edges of colours
in {i1, i2, . . . , ik}.
Consider now the subgraph formed by taking all the vertices of GP and only the edges
of colours i and j. Observe that this subgraph is a union of disjoint cycles with edges of
alternating colours i and j. Whenever |i− j| > 1 all these cycles have length 4.
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The flag graph of a polytope completely determines it. That is, two polytopes are
isomorphic (as ranked posets) if and only if their corresponding flag graphs are isomorphic
(as coloured graphs). In [3], flag graphs of polytopes were used to study symmetry
properties of the polytopes.
2.2 Maps
Polytopes of rank 3 can be regarded as maps. A map is a cellular embedding of a connected
graph into a surface without boundary, in the sense that the complement of the image of
the graph is a collection of disjoin discs. These discs are called the faces of the map.
Let BS(M) be the barycentric subdivision ofM and consider a triangle Φ of BS(M).
Label the vertices of Φ by Φ0, Φ1 and Φ2 according to whether they represent, respectively,
the vertex, the edge, or the face of Φ. Note that Φ is adjacent with three other triangles
of BS(M), each of them having exactly two of the vertices Φi. If Ψ is a triangle adjacent
to Φ which does not have the vertex Φi of Φ, we say that Φ and Ψ are i-adjacent and
denote Ψ by Φi.
With this in mind, it is easy to see a map as an edge-coloured graph GM. Indeed, by
taking one vertex per triangle of BS(M) and joining two of them by an edge of colour
i whenever they are i-adjacent, we have constructed an edge-coloured graph. This new
graph is 3-regular and each vertex has an edge of each of the colours 0, 1, and 2. Further,
since each edge of M belongs to 4 triangles of BS(M), then if we remove all edges of
colour 1 from GM, we obtain a collection of disjoin 4-cycles with edges with alternating
colours 0 and 2.
Note that non-isomorphic maps induce non-isomporhic coloured graphs. However,
permuting the colours of the edges of GM does change (in general) the map. For example,
if one interchanges the edges of colour 0 with those of colour 2, one gets the dual map
M∗ of M.
2.3 Edge-coloured graphs
The flag graphs of maps and polytopes have many features in common, the more obvious
one being that they are simple n-regular graphs and its edges can be coloured with n
colours in such a way that edges incident to one vertex have different colours. (Recall
that a simple graph has no loops or multiple edges.) In this section we shall see some
straightforward properties and give notation of graphs having these two properties.
An edge colouring of a graph G is an assignment of colours to the edges of G such that
adjacent edges have different colours. If the number of colours used in an edge colouring
of G is n, we say that it is an n-edge colouring. The minimal number n such that there
exists an n-edge colouring of G is called the chromatic index of G. An n-regular graph
(in the sense that all its vertices have degree n) that has chromatic number n, together
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with an n-edge colouring is said to be a properly n-coloured graph. Clearly, a vertex of a
properly n-coloured graph has one edge of each of the n colours.
Let G be a properly n-coloured graph and suppose that the colouring is given by the
colours from a set C. For each subset A ⊂ C, we denote by GA the graph that has all the
vertices of G and edges of colours only in A. In particular, if A = {c}, for some c ∈ C,
then GA is simply the perfect matching of G with edges of colour c. In this case, we often
abbreviate and simply write Gc for GA. Similarly, if A = C \ {c}, then GA will be written
as Gc¯.
Whenever |A| = i, we say that the connected components of GA are the i-factors of
colours in A. Note that since G is a properly n-coloured graph, then the 2-factors of
colours i and j, for every i 6= j ∈ C, are cycles with edges of alternating colours i and j.
2.4 Maniplexes
Maniplexes generalize (the flag graphs of) polytopes and maps at the same time. In [12],
where they were first introduced, several equivalent definitions of maniplexes are given.
Here, we take the most simple approach and define them as edge-coloured graphs in the
following way.
An n-maniplex is a properly n-coloured simple graph, with edges of colours from [n]
such that the 2-factors of colours i and j are 4-cycles, whenever |i− j| > 1.
The vertices of a maniplex are called flags, and if two flags u and v are adjacent by
an edge of colour i, then they are said to be i-adjacent. In that case we often write v as
ui (and u as vi).
For each i ∈ [n], the connected components ofMi¯ are the i-faces ofM. The fact that
the 2-factors of colours i and j are 4-cycles, whenever |i − j| > 1, implies the following
lemma.
Lemma 2.1. LetM be an n-maniplex. Let F be an i-face ofM, with i ∈ {1, 2, . . . , n−2}.
Then F is the cartesian (graph) product of some connected component of M{0,...,i−1} by
some connected component of M{i+1,...,n−1}.
Note that for n ≤ 2, flag graphs of polytopes and maniplexes coincide. A 0-maniplex
consists of a unique flag, which is also the 0-face of the maniplex. A 1-maniplex has two
flags and an edge of colour 0 joining them. It has two 0-faces. A 2-maniplex is either a
2p-cycle or an infinite path, with alternating edges of colours 0 and 1. The 0-faces have
two flags, and so do the 1-faces. If the 2-maniplex is a 2p-cycle, then it corresponds to the
graph flag of an (abstract) p-gon, and if it is an infinite cycle, corresponds to the graph
flag of an infinite abstract 2-polytope.
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3 Maniplexes as posets
Whenever a maniplex M is (isomorphic to) the flag graph of a polytope, we shall say
that M is polytopal. It is well-known that not every map can be regarded as a polytope.
Hence, not every maniplex is polytopal.
Take, for example, the map on the torus usually denoted by {4, 4}(1,1). This map is
the quotient of the square tessellation of the plane, with vertices in Z×Z, by the vectors
(1, 1) and (−1, 1) (see Figure 1). It is a 3-maniplex with 16 flags, 2 vertices, 4 edges and
2 faces. A quick inspection of the map shows that every vertex is incident to every edge
and to every face. Thus, between a vertex and a face there are 4 edges and the diamond
condition is not satisfied.
(2,0)
(-1,1) (1,1)
(0,0)
Figure 1: The map {4, 4}(1,1) on the torus and its graph flag.
Although the map considered above is not a polytope, their faces can be seen as a
poset and such poset possesses all the combinatorial information of the map. The Hasse
diagram of this poset can be seen in Figure 2. It is straightforward to see that this poset,
just as the map, has 16 flags, 2 vertices, 4 edges and 2 faces.
Figure 2: Hasse diagram of the poset resulting from the map {4, 4}(1,1).
Every maniplex M can be seen as a ranked poset in the following way. The elements
of the poset are the faces ofM, and the rank of an i-face ofM is precisely i. Recall that
the i-faces of M are the connected components of Mi¯. Given an i-face Fi and a j-face
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Fj of M, we shall say that
Fi ≤ Fj if and only if i ≤ j and Fi ∩ Fj 6= ∅. (1)
Notice that we denote in the same way the connected components of each Mi¯ and the
corresponding elements of the ordered set. Depending on the context it will be clear if we
are talking about a graph or an element of a poset.
Proposition 3.1. LetM be a maniplex. The set of faces ofM, together with the relation
“≤” as defined in (1), is a poset.
Proof. Since the faces of M are connected components of the graph, the definition of
“ ≤′′ immediately implies that it is reflexible and anti-symmetric. We only need to show
the transitivity. Let E,F and G be faces of M such that E ≤ F and F ≤ G and let
v ∈ E ∩ F and u ∈ F ∩G.
It is clear that if the ranks of E,F,G are i, j, k, respectively, then i ≤ j ≤ k. Thus,
we only need to show that E ∩G 6= ∅.
We shall find a flag w ∈ F such that there is a path with edges of colours 0, . . . , j − 1
from u to w and another path with edges of colours j + 1, . . . , n − 1 form v to w. It is
straightforward to see that such w is then an element of E ∩G.
Suppose that E 6= F 6= G, as otherwise E∩G 6= ∅ trivially. Hence, i < j < k and thus
0 < j < n− 1. By Lemma 2.1, the j-face F is the product of two graphs, say F< and F>
such that F< is a connected component of M{0,...,j−1} and F> is a connected component
of M{j+1,...,n−1}. Hence, we can write v = (v0, v1), u = (u0, u1), with v0, u0 ∈ F< and
v1, u1 ∈ F>. The vertex w = (v0, u1) ∈ F has the required property.
Let PM be the set of all faces of M, together with a minimum and a maximum
element, denoted by F−1 and Fn, respectively. It is clear that PM is a ranked poset. The
ranks of F−1 and Fn are set to be −1 and n, respectively. These two new faces are the
improper faces of PM.
It is not difficult now to show that all the maximal chains of PM have n+ 2 elements.
Suppose that E and G are two incident faces of ranks i and k, respectively, with i < k−1,
and let w ∈ E ∩G. For each j ∈ {i+ 1, . . . , k− 1} consider Fj, the connected component
of Mj containing w. Since w has one edge of each colour, such Fj clearly exists. By
definition, Fj is a j-face of M, and w ∈ E ∩ Fj ∩ G implying that both E and G are
incident to Fj.
The idea of the proof of Proposition 3.1 can be extended to show the following lemma.
Lemma 3.2. Let {F1, F2, . . . Fk} be a chain of proper faces of PM. Then
⋂k
j=1 Fj is
non-empty.
Although Proposition 3.1 says that given a maniplex, we can define an order on its
faces simply by the non-empty intersection of them, it does not mean that the defined
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poset possesses much information about the maniplex. To clarify this, we give another
example of a map (i.e. a 3-maniplex) that is not the flag graph of a polytope. Consider
the map on the torus M = {4, 4}(1,0). The maniplex corresponding to this map and the
Hasse diagram of the poset PM are given in Figure 3. The maniplex has 8 flags, 1 vertex
(of degree 4), 2 edges and 1 face (a square). Clearly, it does not satisfy the diamond
condition. Furthermore, the induced poset PM has only two maximal chains. Hence,
given only the poset, we know how many i-faces the maniplex has, but we cannot obtain
all information about the original maniplex. In fact, the maniplex in Figure 4 has the
same induced order (on the left in Figure 3). These two maniplexes (in Figures 3 and 4)
are different. In particular, one induces a map on the torus and the other a map on the
Klein Bottle.
Figure 3: The map M = {4, 4}(1,0) on the torus and the Hasse diagram of PM.
Figure 4: A map on the Klein Bottle.
Whenever there is a bijection between the maximal chains of the poset PM induced
by the maniplex M and the flags of M, we say that PM is faithful. In general, flags
of maniplexes might not be completely determined by the faces they are contained in.
That is, there can be different flags contained in exactly the same faces (as in the above
example). However, when the induced poset is faithful, then flags of the maniplex are
completely determined by their faces. In fact, in this case given a maximal chain Φ =
{F0, F1, . . . , Fn−1} of the induced poset, then Φ represents the unique flag ofM. In other
words, PM is faithful if and only if for every maximal chain {F0, F1, . . . , Fn−1} of PM, we
have that
⋂n−1
i=0 Fi consists of a unique vertex.
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4 The component intersection property
When one studies 3-maniplexes (or maps) that are not polytopal, it is easy to get the idea
that the problem with polytopality is the diamond condition. In this section, we hope
to convince the reader that this is far from the truth, and that, philosophically speaking,
the only thing that can really fail is the strong connectivity. In fact, we shall see that if
the poset corresponding to a given maniplex is faithful and strongly flag connected, then
it satisfies the diamond condition. Before getting into that discussion, we shall analyze
the meaning of the strong flag connectivity of a polytope in terms of its flag graph.
Let P be a polytope and M = GP be its flag graph. Let Φ,Ψ ∈ F(P) and let
vΦ, vΨ ∈ GP be the corresponding vertices. That is, we think Φ as a maximal chain of the
order P and vΦ as the vertex of GP induced by Φ. As we pointed out in Section 2.1, the
strong flag connectivity of P implies that there is a path from vΦ to vΨ that has all its
edges of colours different to the ranks of the faces in Φ ∩Ψ.
Let us see what this means in terms connected components of GP . Suppose that
Φ ∩ Ψ = {F1, F2, . . . Fk}, where Fj has rank ij ∈ {0, 1, . . . , n − 1}. This means that for
each j = 1, . . . , k, Fj can be regarded as a connected component of Mij containing both
vΦ and vΨ. Hence, vΦ, vΨ ∈
⋂k
j=1 Fj. The strong flag connectivity of P implies that
there is a path from vΦ to vΨ with no edge of colour i1, i2, . . . , ik. Therefore, the path is
contained in Fj, for each j = 1, . . . k and thus it is contained in
⋂k
j=1 Fj.
Now let M be an n-maniplex, and let {i1, i2, . . . ik} be a subset of [n] with i1 <
i2 < · · · < ik. Consider a set of faces G1, G2, . . . Gk, where Gj is a ij-face, such that
Gj ∩ Gj+1 6= ∅ for all j. Then, {G1, G2, . . . Gk} can be regarded as a chain of the poset
PM and
⋂k
j=1Gj is a subgraph of Mi1,i2,...,ik , that may have several components.
Definition 4.1. Let M be a n-maniplex and let PM be the poset defined by its faces.
We say that M has the component intersection property (or CIP) if for every chain
{G1, G2, . . . Gk} of the poset PM we have that
⋂k
j=1Gj is connected.
Recall that in the above definition Gi stands for both an element of the poset PM and
a subgraph of M. The intersection ⋂kj=1 Gj is, then, considered as a subgraph of M.
Although we use PM to define the CIP in a maniplex, this is not strictly necessary.
We could state the definition in terms of connected components of the subgraphsMi and
their non empty intersection. However, using PM helps us to have a cleaner definition.
Fact: Not every maniplex has the CIP.
One can see that in the map M = {4, 4}(1,1) the intersection of a connected compo-
nent of M{0,1} with a connected component of M{1,2} consists of two edges of colour 1
(Figure 5). Also, in the map M = {4, 4}(1,0) the intersection of a connected component
of M{i,j} with a connected component of M{j,k} consists of either two or four edges of
colour k (where {i, j, k} = {0, 1, 2}) (Figure 6).
The discussion leading to the definition of the CIP tells us that the strong connectivity
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Figure 5: A connected component ofM{0,1} and a connected component ofM{1,2}, whose
intersection is not connected.
Figure 6: A connected component ofM{0,1} and a connected component ofM{0,2}, whose
intersection is not connected.
of PM and the CIP are properties that are closely related In fact, we have the following
result.
Lemma 4.2. Let M be a maniplex such that its induced poset PM is faithful. Then, PM
is strongly flag connected if and only if M has the CIP.
Proof. Suppose that PM is strongly flag connected and let {G1, G2, . . . Gk} be a chain
of PM. We need to show that
⋂k
j=1 Gj is connected, so let v, u ∈
⋂k
j=1Gj. Consider
Φv,Φu the (unique) maximal chains of PM corresponding to v and u, respectively. Since
PM is strongly flag connected, then there is a sequence of adjacent flags for Φv to Φu all
containing the faces {G1, G2, . . . Gk}. This sequence induces a path in M that starts at
v and that travels in
⋂k
j=1Gj. The fact that PM is faithful implies that the induced path
finishes at u, and thus that
⋂k
j=1 Gj is connected. (Note that if PM is not faithful, but it
is flag connected, then the sequence of adjacent flags from Φv to Φu starts at v but might
finish at a vertex u′ 6= u which is contained in exactly the same faces than u.)
Now suppose that M has the CIP and let Φ and Ψ be two maximal chains of PM.
Then, Φ = {F−1, F0, F1, . . . , Fn−1, Fn} and Ψ = {F−1, G0, G1, . . . , Gn−1, Fn}, where Fi
and Gi are i-faces ofM. Let {i1, i2, . . . , ik} be the subset of [n] containing all the indices
satisfying that Fij = Gij .
By Lemma 3.2,
⋂n−1
i=0 Fi 6= ∅ 6=
⋂n−1
i=0 Gi. Let v ∈
⋂n−1
i=0 Fi and u ∈
⋂n−1
i=0 Gi. Hence,
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v, u ∈ ⋂kj=1 Fij = ⋂kj=1 Gij . Since M has the CIP, then ⋂kj=1 Fij is connected implying
there is a path from v to u with all its edges of colours in {i1, i2, . . . ik}. The path from v
to u inM defines a sequence of adjacent flags from Φ to Ψ and the fact that all the edges
of the path have colours in {i1, i2, . . . , ik} implies that the adjacencies between the flags
of the sequence are all in {i1, i2, . . . , ik}. Therefore PM is strongly flag connected.
We now turn our attention to the diamond condition. The diamond condition of PM
has no effect on the fact that M satisfies the CIP. If P is a polytope, then it has the
diamond condition and GP satisfies the CIP. However, consider the following example,
that also has the diamond condition, but does not satisfy the CIP.
Let T be the tessellation of Euclidean 3-space by cuboctahedra and octahedra. This
tessellation can be obtained from the cube tessellation of Euclidean 3-space by fully trun-
cating each of the cubes. Assuming that the vertices of the cube tessellation (before trun-
cating) coincide with the integer lattice Z3, consider the vectors v1 = (0, 2, 0), v2 = (1, 0, 0)
and v3 = (1, 0, 2). Then quotient the tessellation T by the translation group Λ generated
by v1, v2 and v3. We then obtain a tessellation of the 3-torus by cuboctahedra and octa-
hedra (see Figure 7, where vertices of the same colour are identified). This tessellation
can be regarded as a maniplex and as a poset. It is not difficult to see that the induced
poset satisfies the diamond condition (one can use the symmetry to check only few cases),
however, the CIP is not satisfied in the induced maniplex. This can be seen by taking the
green vertex labelled A in Figure 7 and the cuboctahedron at the upper right corner (of
the figure). These faces are incident to each other, however the corresponding section of
the induced poset is not connected. In fact, the 3-maniplex induced by the vertex is iso-
morphic to a cube (where the connections have colours 1, 2, and 3), and the intersection
of such 3-maniplex and the maniplex induced by the cuboctahedron is the disjoin union
of two 8-cycles with edges of alternating colours 1 and 2.
We have seen that not all maniplexes have the CIP. Even those whose induced poset
satisfy the diamond condition might fail to have the CIP. However, maniplexes that are
the flag graphs of polytopes satisfy the CIP. We now show that in fact having the CIP is
a sufficient condition for PM to have the diamond condition.
Lemma 4.3. Let M be a n-maniplex having the CIP. Then PM satisfies the diamond
condition.
Proof. Let Fi−1 and Fi+1 be two incident faces of PM having ranks i − 1 and i + 1,
respectively. Since all maximal chains have one element of each rank, then there exist faces
F0, . . . , Fi−2, Fi+2, . . . , Fn−1 such that {F−1, F0, . . . , Fi−1, Fi+1, . . . , Fn−1, Fn} is a chain of
PM having elements of all ranks but of rank i. By Lemma 3.2,
⋂
j 6=i Fj 6= ∅ and sinceM
has the CIP, then
⋂
j 6=i Fj is connected. As each Fj is a connected component ofMj, we
know that
⋂
j 6=i Fj is a connected component ofMi. But theMi is the perfect matching of
M whose edges are all of i. That is, ⋂j 6=i Fj is an edge of colour i. Thus, there are exactly
11
AA
A
Figure 7: By identifying vertices with the same colours, we obtain a 3-torus tessellated
by 4 cuboctahedra and 4 octahedra that satisfies the diamond condition, when considered
as a poset. The tessellation induces a maniplex that is not polytopal.
two flags of M to which one can extend the chain {F−1, F0, . . . , Fi−1, Fi+1, . . . , Fn−1, Fn}
and the diamond condition is satisfied.
Corollary 4.4. If M is a maniplex such that PM is faithful and strongly flag connected,
then PM satisfies the diamond condition (and hence it is a polytope).
In other words, if a maniplex is not polytopal then its induced poset fails to be either
faithful or strongly flag connected (and it might or might not satisfy the diamond con-
dition). The following theorem implies that the polytopality and the CIP are equivalent
conditions.
Theorem 4.5. Let M be a maniplex and let PM be its induced poset. PM is a polytope
if and only if M satisfies the CIP. Moreover, in such case M is isomorphic to the flag
graph of PM.
Proof. Suppose that PM is a polytope. If PM is faithful, by Lemma 4.2, we are done. The
poset PM is faithful if for every maximal chain {F0, F1, . . . , Fn−1} of PM, the intersection⋂n−1
i=0 Fi consists of a unique vertex ofM. In such case, the bijection between the maximal
chains of PM and the vertices of M is given in a natural way.
We now show that if PM is a polytope, then for every maximal chain {F0, F1, . . . , Fn−1}
of PM, we have that |
⋂n−1
i=0 Fi| = 1. The proof is done by induction over n, the rank of
the polytope PM. For n = 0, 1, 2, the proposition follows immediately, as the faces Fi are
simply vertices or edges. Suppose that the proposition is true for every rank less than
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n, and that PM has rank n. Let {F0, F1, . . . , Fn−1} be a maximal chain of PM. Then⋂n−1
i=0 Fi 6= ∅
The face Fn−1 is a connected component ofMn−1, which implies that it is a maniplex
of its own right. Thus, Fn−1 induces a partial order Pn−1 := PFn−1 . We shall show that
Pn−1 is isomorphic to the section Fn−1/F−1 of PM.
For each v ∈ Fn−1, consider Φv the corresponding maximal chain of PM. By the
diamond condition of PM, there is a flag Φn−1v that coincides with Φv in all its faces of
ranks 0, . . . , n−2, but has some F ′n−1 6= Fn−1 as its (n−1)-face. Then, vn−1 , the (n−1)-
adjacent flag to v is in F ′n−1, and hence it does not belong to Fn−1. This implies that,
if Gi is an i-face of M such that Gi ∩ Fn−1 6= ∅ (i.e Gi ≤ Fn−1 in PM), then Gi ∩ Fn−1
is an i-face of the (n − 1) maniplex Fn−1 and hence it is an i-face of the induced order
Pn−1. In other words, the i-faces of the section Fn−1/F−1 of PM can be thought as i-faces
of Pn−1. Moreover, every i-face of Pn−1 comes from an i-face of Fn−1/F−1 of PM. In
fact, if G is an i-face of Pn−1, then G is a connected component of (Fn−1)i¯. Take v ∈ G
and consider Gˆ, the connected component ofMi¯ containing v. Then Gˆ is an i-face ofM
and since v ∈ G ⊂ Fn−1, then Gˆ ∩ Fn−1 6= ∅, implying that Gˆ ≤ Fn−1 in PM and hence
G = Gˆ ∩ Fn−1. That is, G comes from the i-face Gˆ of Fn−1/F−1. This gives a bijection
between the faces of Pn−1 and those of Fn−1/F−1. The fact that they are isomorphic as
posets is now straightforward.
Then, Pn−1 is a polytope of rank n − 1. By induction hypothesis, this implies that
Pn−1 is faithful. Then, if for each i = 0, . . . , n − 2 we set Gi := Fi ∩ Fn−1, we have
that Gi is an i-face of the (n − 1)-maniplex Fn−1, and Gi is an i-face of Pn−1. Thus,
{G0, G1, . . . Gn−2} is a maximal chain of Pn−1. Since Pn−1 is faithful, then |
⋂n−2
i=0 Gi| = 1.
But
⋂n−2
i=0 Gi =
⋂n−2
i=0 (Fi ∩ Fn−1) =
⋂n−1
i=0 Fi, implying that |
⋂n−1
i=0 Fi| = 1. Therefore PM
is faithful and thus M has the CIP.
We now assume thatM satisfies the CIP. Then PM is a poset with rank function that
has a minimal and a maximal element. By Lemma 4.3, PM also satisfies the diamond
condition. If PM is faithful, then by Lemma 4.2 we have that PM is a polytope.
In what follows, we show that there exists a bijection β between the flags of M and
the maximal chains F(PM) of PM. For each v ∈ M and i ∈ [n], we let F vi be the
connected component of Mi containing v. Clearly, each F vi is well-defined and unique.
Let β :M→ F(PM) be such that
β : v 7→ {F−1, F v0 , F v1 , . . . , F vn−1, Fn}.
Then β is a well defined function from M to F(PM). By Lemma 3.2, β is onto. Now
suppose that v, u ∈ M are such that β(v) = β(u) = {F−1, F0, F1, . . . , Fn−1, Fn}. This
means that both v and u are elements of each Fi, i ∈ [n]. Hence, v, u ∈
⋂n−1
i=0 Fi. Note
that on one hand, sinceM has the CIP, ⋂n−1i=0 Fi is connected. On the other hand, as each
Fi fails to have edges of colour i,
⋂n−1
i=0 Fi has no edges, so it is a set of disjoin vertices.
Therefore
⋂n−1
i=0 Fi consists of exactly one vertex of M, implying that v = u and thus β
is one to one.
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Hence, if M satisfies the CIP, then PM is faithful and therefore it is a polytope.
Moreover, β can be regarded as a bijection between the vertices of M and the vertices
of GPM . To see that it is indeed a isomorphism of M and GPM (as coloured graphs) one
only needs to note that i-edges of GPM correspond to i-adjacent flags of PM, and these in
turn (as pointed out in the proof of Lemma 4.3) correspond to i-edges of M. Theus, the
theorem follows.
A corollary of the above theorem is that a maniplex is polytopal if and only if it
satisfies the CIP.
5 The path intersection property
In the previous section we gave necessary and sufficient conditions on a maniplex to
be polytopal. Such conditions were given in terms of some connected components of the
maniplex. In this section we show that the CIP is equivalent to an intersection property of
the paths of the maniplex. By doing this, we will have necessary and sufficient conditions
for the polytopality in terms of intersections of coloured paths of the maniplex.
We start by looking into common ways to manipulate a given path of the maniplex
without changing its colours. We use (several times) that the 2-factors of colours i and
j are 4-cycles, whenever |i − j| > 1. For instance, if we have a path of colours 1, 4, 1,
we can replace it by an edge of colour 4, or we can assume that whenever there are two
consecutive edges on a path whose colours differ in more than one, then the smallest (or
the greatest) colour appears first.
It shall prove particularly useful to be able to manipulate paths within a face of the
maniplex. Suppose that u, v ∈ Fi, where Fi is an i-face of a maniplexM. Of course, this
means that there is a path from u to v whose edges are not of colour i. But, can we find
a nice path that connects u and v? This depends on what one understand by “nice”, but
we shall see that we can find a path from u to v that passes through a vertex w satisfying
the property that the path from u to w has edges of colours all smaller that i, while the
one from w to v has edges of colours all greater than i.
To see this, consider p, a path from u to v that is contained in Fi. As pointed out
before, with out loss of generality, we can assume that, in p, if there are two consecutive
edges of colours j and k with |j−k| > 1, then the edge of smaller colour appears first. Let
u = v0, v1, . . . vm = v be the vertices of p and let ej be the edge of p connecting the vertices
vj−1 and vj. Let c(ej) denote the colour of the edge ej. Note that, by our assumptions,
if for some j = 2, . . . ,m − 1 we have that c(ej−1) = c(ej+1), then c(ej) = c(ej−1) ± 1.
Moreover, if c(ej) > i for some j > 0, then all the edges ej+1, . . . , em have colours also
greater than i. Indeed if this was not the case, suppose that ej+k is the first edge of p
after ej that has colour smaller than i. But then c(ej+k−1) > i and c(ej+k) < i imply that
|c(ej+k−1)− c(ej+k)| > 1, and by our assumptions, ej+l appears before ej+l−1 in p, which
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is a contradiction.
We have therefore stablished the following lemma.
Lemma 5.1. Let M be a maniplex and u, v ∈ Fi, where Fi is an i-face of M. Then,
there exists a vertex w ∈ Fi satisfying the property that there is a path from u to w having
edges of colours all smaller that i, while there is a path from w to v having edges of colours
all greater than i.
In light of Lemma 2.1, when Fi is thought as a graph product, we can write u =
(u1, u2), v = (v1, v2) ∈ Fi. Then the w of the above lemma is simply the vertex w =
(v1, u2) ∈ Fi.
Observe that, if we start by assuming that there is a u − v path in Fi that does not
have colours in some set A ⊂ [n], then the u − w and w − v paths given in the above
lemma can be taken in such a way that do not have colours in A. This is because when
we “re-order” a path so that adjacent edges have ether consecutive or increasing colours,
we never change the colours of the edges of the original path. Therefore, the next result
follows from Lemma 5.1.
Lemma 5.2. Let M be a maniplex and let u, v ∈ F , where F is a connected component
of M i1,...,ik}, for some −1 = i0 < i1 < i2 < · · · < ik ≤ n− 1. Set i0 := −1 and ik+1 := n.
Then there exists u = w0, w1, . . . , wk+1 = v ∈ F satisfying that for each j = 0, . . . k, there
is a path from wj to wj+1 having edges of colours greater than ij but smaller than ij+1.
We now use the strong flag connectivity of a polytope P to show a property about
intersections of coloured paths of a flag graph of a polytope.
Lemma 5.3. Let P be a polytope and GP be its flag graph. Given vΦ and vΨ two vertices
of GP , if there are two paths from vΦ to vΨ, one using edges of colours in a set A and
the other one using edges of colours in a set B, then there is a path from vΦ to vΨ using
colours only from A ∩B.
Proof. Each of the two paths corresponds to a sequence of adjacent flags starting in Φ
and finishing in Ψ. One path uses colours only in A, which means that the adjacencies of
its corresponding sequence are taken all in A. Hence, Φa = Ψa for every a ∈ A. Similarly,
Φb = Ψb for every b ∈ B. This means that Φi = Ψi for all i ∈ A ∪ B = A ∩B, so
Φi ∈ Φ ∩Ψ, for every A ∩B.
As P is strongly flag connected, there is a sequence of adjacent flags from Φ to Ψ all
having the elements of Φ ∩ Ψ. Hence, there is a path from vΦ to vΨ with edges using
colours only in A ∩B.
This motivates us to give the following definition.
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uv
u
v
Figure 8: The vertices u and v are joined by a path of colours 0 and 1 and a path of
colours 1 and 2, but there is no path of colour 1 between them.
Definition 5.4. LetM be a n-maniplex. We say thatM has the strong path intersection
property (or SPIP) if whenever there are flags v, u ∈ M and sets A,B ⊂ [n] such that
there are two v − u-pahts in M, one with edges of colours in A and the other one with
colours in B, then there is a v − u-path in M with edges of colours in A ∩B.
Similarly to the CIP, not every maniplex has the SPIP. Examples of 3-maniplexes that
fail to have the SPIP are the maps on the torus {4, 4}(1,a), with a = 0, 1 (see Figures 8
and 9).
v
u
v
u
v
u
Figure 9: The vertices u and v are joined by a path of colours i and j, for i 6= j,
i, j ∈ {0, 1, 2}, but no path of a single colour between them.
An example of a 4-maniplex that fails to have the SPIP is the tessellation of the 3-
torus described in the previous section. Let Φ be the flag that, in Figure 10, consists
of vertex A, the edge AB, the shadowed square on the left picture of the figure and the
octahedron on the upper right corner. Then let Ψ be the flag that also consists of vertex
A, but now the edge AF , the shadowed square on the right picture of the figure and also
the octahedron on the upper right corner. It is not difficult to see that one can go from
Φ to Ψ with a path of colours 0, 1 and 2, or with a path of colours 1, 2 and 3. However,
a path of colours 1 and 2 starting at Φ must have finish at a flag whose edge is one of the
edges AB, AC, AD or AE.
Note that whenever a maniplexM satisfies the SPIP, it satisfies a weaker version of it,
namely, when A = {0, 1, . . . , j−1} and B = {i+1, . . . , n−1}, for some 0 ≤ i < j ≤ n−1.
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Figure 10: A tessellation of the 3-tours with octahedra and cuboctahedra. Its induced
maniplex does not satisfy the SPIP.
This motivate us to give the following definition.
Definition 5.5. A maniplex M has the weak path intersection property (WPIP) if for
every two different flags u, v of M and every i, j ∈ [n] with i < j, it is satisfied that every
time that there is a path from u to v that uses colours only in [n]>i := {k ∈ [n] : k > i}
and another one that uses colours only in [n]<j := {k ∈ [n] : k < j}, then there exists a
path from u to v that uses colours only in [n]>i ∩ [n]<j.
Again, the maps on the torus {4, 4}(1,a), with a = 0, 1 fail to have the WPIP. On
the other hand, every polytopal maniplex has the WPIP (as it has the SPIP). Thus, if
a maniplex has the CIP, then it has the WPIP. In the following theorem we show that
these two conditions are in fact equivalent. As a corollary of it, we have that a maniplex
has the SPIP if and only if it has the WPIP.
Theorem 5.6. A maniplex M has the CIP if and only if it has the WPIP.
Proof. If M has the CIP, by Theorem 4.5 and Lemma 5.3, it has the SPIP, and hence is
the WPIP. The interesting part is the converse.
Let M be a maniplex that has the WPIP, and let {G1, G2, . . . , Gk} be a chain of the
poset PM. We need to show that
⋂k
j=1Gj is connected. We proceed by induction over k.
For k = 1 there is nothing to show, so let k = 2. Then Gj is a connected component
of Mij , for some i1, i2 ∈ [n]. Let u, v ∈ G1 ∩G2. For each j = 1, 2, since u, v ∈ Gj, then
there is a u − v path with colours different from ij. By Lemma 5.1 there exists wj such
that there is a path pj from u to wj having colours smaller than ij and a path qj from wj
to v having colours greater than ij. Without loss of generality assume that i1 < i2. Then,
p1 followed by p2 is a path from w1 to w2 that goes through u and has colours in [n]<i2 .
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And q1 followed by q2 is a path from w1 to w2 that goes through v and has colours in
[n]>i1 . SinceM has the WPIP, there is a w1−w2 path t with colours in {i1 +1, . . . , i2−1}.
Note that p1, t and q2 do not have edges of colours i1 nor i2. Thus, the path that starts
in u, follows first p1, then t and finally q2 is a u − v path that is contained in G1 ∩ G2.
Therefore G1 ∩G2 is connected.
Suppose now that k ≥ 3 and that the intersection of the elements of any chain with
less than k colours is connected. Let u, v ∈ ⋂kj=1Gj. The idea is similar to the one for
k = 2. Without loss of generality we assume that i1 < i2 < · · · < ik. As u, v ∈ G1, there
is a u−v path with colours different than i1. By Lemma 5.1, there exists a vertex w1 such
that the u − w1 path p1 has colours smaller than i1 and the w1 − v path p2 has colours
greater than i1.
Now, u, v ∈ ⋂kj=2Gj, which, by induction hypothesis is connected. Hence, there is a
u − v path with colours in {i2, i3, . . . , ik}. By Lemma 5.2, there exist w2, w3, . . . wk such
that there is a path q1 from u to w2 having edges of colours smaller than i2, for each
j = 2, . . . , k−1, there is a path qj from wj to wj+1 having edges of colours greater than ij
but smaller than ij+1 and there is a path qk from wk to v having colours all greater than
ik.
Note that p1 followed by q1 is a w1 − w2 in which all the edges have colours smaller
than i2. On the other hand p2 followed by qk, qk−1, . . . , q2 is a w1 − w2 path whose edges
have colours greater than i1. AsM has the WPIP, there is a w1−w2 path t with colours
greater then i1 but smaller than i2. Similar as before, the paths p1, t, q2, q3, . . . , qk do not
have edges of colours i1, . . . , ik. This implies that there is a u − v path with colours in
{i1, . . . , ik} and hence
⋂k
j=1Gj is connected. Thus, the theorem follows.
Corollary 5.7. A maniplex has the SPIP if and only if it has the WPIP.
Proof. Clearly the WPIP is a consequence of the SPIP, so a maniplex has the SPIP, has
the WPIP. On the other hand, if a maniplex M has the WPIP, then it has the CIP.
Hence, M is polytopal and therefore it has the SPIP.
The above corollary motivates us to say that a maniplex has the Path Intersection
Property (PIP) if it has either the SPIP or the WPIP (and therefore both). The obvious
consequence of Corollary 5.7 is that whenever we need to show that a maniplex has the
PIP, it is enough to show the weak version of it, whereas if the PIP is given, we can use
it in its stronger version. The following result is a straightforward consequence of the
results of this section.
Theorem 5.8. A maniplex is polytopal if and only if it has the Path Intersection Property.
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6 On the mix or parallel product of maniplexes
There are several operations on polytopes, that result on maniplexes that are not always
polytopal. One of the most interesting ones is the mix or parallel product of maniplexes.
The mix of maniplexes generalizes the mix of polytopes (see [6, 8]) and the parallel product
of maps (see [11]). While this operation is often defined in terms of groups, it can be given
in terms of the flag graphs of the polytopes in the following way.
Let M and N two n-maniplexes. Consider the product of the colour graphs M and
N whose vertices are the vertices of V (M)× V (N ) and where the vertices (a, u), (b, v) ∈
V (M)× V (N ) are join by an i-edge whenever a, b ∈ V (M) and u, v ∈ V (N ) are join by
an i-edge. In other words, for each i ∈ [n], (b, v)i = (a, u) if and only if bi = a and vi = u.
The mix or parallel product M♦N of M and N is a connected component of the
product described above.
It is not difficult to see that if a maniplex M is a cover of another maniplex N (as
edge-coloured graphs), then the mix M♦N gives us again M. In particular this implies
that if M is a polytopal maniplex that covers a non-polytopal maniplex N , then their
mix is polytopal. In other words, when mixing maniplexes is not necessary to have both
maniplexes polytopal in order to have the mix to be polytopal.
0
1
2
3
V VVV
V
Figure 11: The non-polytopal maniplex M and i-faces of M, for each i = 0, 1, 2, 3.
Moreover, the mix P = M♦N of the non-polytopal maniplexes M and N given
in Figures 11 and 12, respectively, is polytopal. In figure 13 we present a part of P ,
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and emphasize the i-faces containing a given base flag. From the figures one can verify
that when taking connected components that contain the base flag satisfy the CIP. Using
the symmetries of M and N , we then obtain the polytopality of P . (The graphs of
Figures 11, 12 and 13 are drawn on a torus, so the dotted lines of the figures are identified.)
0
1
2
3u
Figure 12: The non-polytopal maniplex N .
In [8], the authors study instances of when the mix of two polytopes is again a polytope,
and give a small example of two (regular) 4-polytopes whose mix is not polytopal. Their
study is not in terms of maniplexes, but in terms of posets that satisfy the properties
of an abstract polytope except for the strong flag connectivity. The general question of
determining when a mix of two polytopes is polytopal remains open.
Problem 1. Give necessary and sufficient conditions on two maniplexes (as coloured
graphs) in order to have a polytopal mix.
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Figure 13: For each i = 0, 1, 2, 3, an i-face of the polytopal maniplex P =M♦N .
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